Abstract. We show an exact geometric mass formula for superspecial points in the reduction of any quaternionic Shimura variety modulo at a good prime p.
Introduction
Let p be a rational prime number. Let B be a totally indefinite quaternion algebra over a totally real field F of degree d, together with a positive involution * . Assume that p is unramified in B. Let O B be a maximal order stable under the involution * . Let (V, ψ) be a non-degenerate Q-valued skew-Hermitian (left) B-module with dimension 2g over Q. Put m := Mass(Λ g ) = (−1)
where Λ g is the set of isomorphism classes of g-dimensional superspecial principally polarized abelian varieties over k and ζ(s) is the Riemann zeta function.
Let B p,∞ be the quaternion algebra over Q ramified exactly at {p, ∞}. Let B ′ be the quaternion algebra over
′ be the discriminant of B ′ over F . In this paper we prove 
where ζ F (s) is the Dedekind zeta function.
Let N ≥ 3 be a prime-to-p positive integer. Choose a primitive n-th root of unity ζ N ∈ Q ⊂ C and fix an embedding Q ֒→ Q p . Let M be the moduli space over F p of g-dimensional principally polarized abelian O B -varieties with a symplectic O B -linear level-N structure w.r.t. ζ N . Let L 0 be a self-dual O B -lattice of V with respect to ψ. Let G 1 be the automorphism group scheme over Z associated to the pair (L 0 , ψ). As an immediate consequence of Theorem 1.2, we get Theorem 1.3. The moduli space M has (1.4)
We divide the proof of Theorem 1.2 into 4 parts; each part is treated in one section. The first part is to express the weighted sum in terms of an arithmetic mass; this is done in the author's recent work [8] . The second part is to compute the mass associated to a quaternion unitary group and a standard open compact subgroup; this is done by Shimura [7] (re-obtained by Gan and J.-K. Yu [3, 11.2, p. 522]) using the theory of Bruhat-Tits Buildings). The third part is to compare the derived arithmetic mass in Section 1 with "the" standard mass in Section 2. This reduces the problem to computing a local index at p. The last part uses Dieudonné theory to compute this local index. A crucial step is choosing a good basis for the superspecial Dieudonné module concerned; this makes the computation easier.
Notation. H denotes the Hamilton quaternion algebra over R. A f denotes the finite adele ring of Q andẐ = p Z p . For a number field F and a finite place v, denote by O F the ring of integers, F v the completion of F at v, e v the ramification index for F/Q, κ v the residue field,
For a scheme X over Spec A and an Aalgebra B, write X B for X × SpecA SpecB. For a linear algebraic group G over Q and an open compact subgroup U of G(A f ), denote by DS(G, U ) the double coset space G(Q)\G(A f )/U , and write Mass(G,
and c 1 , . . . , c h are complete representatives for DS(G, U ). For a central simple algebra B over F , write ∆(B/F ) for the discriminant of B over F . If B a central division algebra over a non-archimedean local field F v , denote by O B the maximal order of B, m(B) the maximal ideal and κ(B) the residue field. Q p n denotes the unramified extension of Q p of degree n and write Z p n := O Q p n .
Simple mass formulas
Let B be a finite-dimensional semi-simple algebra over Q with a positive involution * , and O B be an order of B stable under * . Let k be any field.
To any polarized abelian O B -varieties A = (A, λ, ι) over k, we associate a pair (G x , U x ), where G x is the group scheme over Z representing the functor
where h → h ′ is the Rasoti involution, and U x is the open compact subgroup G x (Ẑ). For any prime ℓ, we write A(ℓ) for the associated ℓ-divisible group with additional
) the induced ring monomorphism. For any two objects A 1 and
Suppose that k is a field of finite type over its prime field.
(1) There is a natural bijection 
Remark 2.3. The statement of Theorem 2.2 is valid for basic abelian O B -varieties in the sense of Kottwitz (see [6] for the definition). The present form is enough for our purpose.
3. An exact mass formula of Shimura
Let D be a totally definite quaternion division algebra over a totally real field The following is deduced from a mass formula of Shimura [7] (also see Gan -J.-K. Yu [3, 11.2, p. 522] ). This form is more applicable to prove Theorem 1.2. 
Deduction. In [7, Introduction, p . 68] Shimura gives the explicit formula (3.2)
where D F is the discriminant of F over Q. Using the functional equation for ζ F (s), we deduce (3.1) from (3.2).
Global comparison
Keep the notation as in Section 1. Fix a g-dimensional superspecial principally polarized abelian O B -variety x = (A 0 , λ 0 , ι 0 ) over k. Define Λ x := Λ x (k) as in Section 2. Let (G x , U x ) be the pair associated to x.
Proof. The proof is elementary and omitted. 
t . Using the Morita equivalence, it suffices to show that any two superspecial principally quasi-polarized Dieudonné modules with compatible O F,p -action are isomorphic. This follows from Theorem 5.1.
(2) Since G x is semi-simple and simply connected (as it is an inner form of Res F/Q Sp 2m,F ), the Hasse principle for G x holds. 
We compute that
where 
where U x,v := Aut DM,Ov (M v , , ). Let W := W (k) be ring of Witt vectors over k and σ the absolute Frobenius map on W . Let I := Hom(O v , W ) be the set of embeddings; write I = {σ i } i∈Z/fv Z so that σσ i = σ i+1 for all i. We identify Z/f v Z with I through i → σ i . Decompose 
It is easy to see that {X 
This follows from the fact that the form (x, y) : (1) If f v is even, then
Proof. Let φ ∈ U x,v . Choose a symplectic basis B for M v as in Theorem 5.1. Since φ commutes with the O F -action, we have φ = (φ i ), where
(W ) using the basis B. Since the map F is injective,
(as matrices). Here we write φ Let (V 0 = F 2m q , ψ 0 ) be a standard symplectic space. Let P be the stabilizer of the standard maximal isotropic subspace F q < e 1 , . . . , e m >. (q 2i − 1).
We have
This yields Plugging the formula (5.7) in the formula (4.4), we get the formula (1.3). The proof of Theorem 1.2 is complete.
